Section |

10 marks

Attempt Questions 1 — 10
Use the multiple choice answer sheet located at the back of the paper.
Allow about 15 minutes for this section

1.

If A and B are the points (2,—1) and (—2,—4) respectively, the coordinates of the point M which

divides AB externally in the ratio 1:3 is,

(o
2

AB =20cm,CD =9c¢m and AC = xcm. Find the value of X.

A) 5 B 9
The derivative of 3sin™' g is,
3
(A) J4_y
3
©) 1,
——X
4

The exact value of cos105° s,

-1
(A) BN (B)
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5.  When the polynomial P(X) is divided by X* —4, the remainder is 2X —3. What is the remainder when

P(x)is divided by X+2?

Ay -7 B) 1 ©)

6.  The diagram shows the graph y = f(x).

Which diagram shows the graph of y = f ~'(X)

(A) (B)

©) (D)
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2 1
7. Acurve is defined by the parameters X =2p+—, Y= p° + —5 - Which of the following represents this
P

curve in Cartesian form?

(A) y=X72—2 B) y=x72 ©) x+y*=2 D) y=x*-2

X
8. Which of the following is an expression for 1 +sec X in terms of t = tanE ?

A 2 B) 2 © 2t D) 2
1+t? 1-t? 1+t 1-t?

9.  Which integral is obtained when the substitution U =X+ 2 is applied to I 2«/ X+2 dx?

(A) %j(u2+2u3)du (B) %I(uz—zuz)du

3 1

©) %J(u2+2u2)du (D) %j(uz—zuz)du

10. Part of the graph of y =2sin2x is drawn below.

The horizontal line y =k is also drawn to touch y =2sin2x as shown above.
Given that n is an integer, the general solution of the intersection of these two functions is,

Nz T T V4 Nz V4

A —+(-D)"= B 2nr £— C nz+(-1)"— D) —+(-D)"=

()2()4 (B) zE ()ﬂ()2 ()2()2
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Section 11

60 marks

Attempt Questions 11 — 14

Allow about 1 hour 45 minutes for this section

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available upon
request from the supervising teachers.
In questions 11-14, your responses should include relevant mathematical reasoning and/or calculations.

Question 11 (15 Marks) Use a SEPARATE writing booklet.

(a)

(b)

(©)

(d)

(e)

®

Find the value of lim tan 3 .
x>0 22X

Find the gradient of the tangent to the curve y = cos(In X) when x=1.

1

dx
4 +9x>

Find J-

Evaluate _[ 2cos?3xdx

7 1
—,— |. If «ais the acute angle
4 \/2j £

between these curves at P, then show that tana = 2x/§

The curves y =sinxand y =cosX intersect at P(

Question 11 continues
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Question 11 continued Marks

(2 2

The diagram shows points B and C on a circle with centre O and diameter AD, as shown
in the diagram.

Let ZBAC=a, ZABC = fand ZOAB=y.
Copy or trace this diagram into your writing booklet.

Find the value of a + f+ y, giving reasons for your answer.

End of Question 11
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Question 12 (15 Marks) Use a SEPARATE writing booklet. Marks

(a)  Write a polynomial equation for the graph y = P (X) shown below. 1

(b) Prove by mathematical induction, that for n=1,2,3.... 3
1+(1+2)+...+(1+2+...+2”’1)=2”+1 -n-2

(c) Theequation X’ + x> —4Xx—k* =0, where k > 0 has only positive roots. If one of the roots is
the product of the other two roots.

(1) Show that X =K is a root of the equation. 2
(i1) Hence or otherwise find the value of k. 2
(d) The equation X*— JX—=2=0 has aroot near X =2 . Use Newton’s Method once to 2

obtain a better approximation of X. Answer to 2 decimal places.

Question 12 continues
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Question 12 continued Marks

(e)

The points P (4 p,2 pz) and Q (4q, 2q2) lie on the parabola x> =8y The tangents to the
parabola at P and Q intersect at T. The chord PQ passes through the point A(O,l).

Q) Write down the equation of the tangent at P. 1
(i1) Hence or otherwise find the coordinates of T. 1
(iii) Show that the equation of the chord PQ is given by 2y =(p+q)Xx—4pq 1
(iv) Show that pq = —% 2

End of Question 12
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Question 13 (15 Marks) Use a SEPARATE writing booklet. Marks

(a)
A coin of radius r cm is placed X cm from the light source O, such that its horizontal axis
of symmetry passes through O.
A coin is placed d cm away from a screen.
The light source O is moving horizontally towards the coin at a speed of 4cm per second
and casts a circular shadow of radius R cm on the screen as shown.
- r2(x+d)
(1) Show that the area of the shadow is A= w . 2
X
. ) dA
(ii) Find the rate of increase, o of the area of the shadow when x=d. 2
3
(b) Prove that tan™ 2, cos™ 2 ——
3 J5 4
Question 13 continues
Page 8 of 11
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Question 13 continued Marks

(c)

The diagram shows a cube with edge length 2 units. H is the midpoint of the edge as shown in

the diagram.

Using triangle AHB or otherwise, find the size of ZAHB 2

(d) A particle moves in a straight line and its position at time t seconds is given by,

X=4+ sin 4t —cos4t
NG
. sin 4t . . .. .
(1) Express \/g —cos4t in the form Rsin (4'[ -« ) , where ¢ is in radians. 2
(11) The particle is undergoing Simple Harmonic Motion, show that the equation 2
for acceleration is,

X=-16 ( X— 4)

(iii) When does the particle first reach its maximum speed? 2

End of Question 13
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Question 14 (15 Marks) Use a SEPARATE writing booklet. Marks

(a) By expanding both sides of the identity 2

(1+x)™ =(1+ x) (1+ x)" prove that

n+4 n n n n n
= +4 +6 +4 + , forr=4,5,..,n
r r r-1 r-2 r-3 r-4

(b) Using the substitution u = tan X, find I(tan3 xsec’ X) dx 2

(c) Consider the function f(X)=X++/x>+1

(1) State the range of f(X) 1
(1) Show that f '(x) = f EX) and hence show that f '(x) > 0 for all Xin the 2
X" +1
domain.
(1i1) State the range of the inverse function of f(X). 1
(1v) Show that the inverse function is f ~'(x) = %(X —lJ . 2
X

Question 14 continues
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Question 14 continued

(d)

The path of a projectile fired from the top O of a cliff is shown in the diagram above.

Its initial velocity is V m/s at an angle 0 to the horizontal plane at O. It rises to a

maximum height h metres above O and strikes a target T on the ground h metres below
0.

Assuming the usual horizontal and vertical components of displacement in metres at

time t seconds, are X=Vtcos@ and y =Vtsind —% gt® respectively.

V?%sin? @

(i)  Prove that h=
29

(1) Prove that the time taken for the projectile to reach its target is,

Vsin9(1+\/§)
g

seconds

(i1))  Hence, show that the distance from the base of the cliff to the target is,

v2(1+ﬁ)sin29
29

End of paper
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2014 CTHS Mathematics Extension 1 AP4 Solutions

SECTION 1 MULTIPLE CHOICE

Working Answer
Lo (2-1) (-2.-4) A
-1:3
—Ix-2+3x2 —Ix—4+3x-1
X=— y:
-1+3 —-1+3

_4 _1
2
2. X(X+9) =400 D
X* +9x = 400
X*+9x—-400=0
(x+25)(x—16)=0
X=-25o0r Xx=16
X is a length
Sox=16

3. d ( . X) 3 A
—|3sin”' = |= —=
dx 2 22_X2

3
4-x’

4. c0s105° = cos (60° +45°) B
=08 60°cos45° —sin 60°sin 45°

I 1 V3 1

=—X———X—
2 2 2 * 2
1-43

22

\S)

5. P(x)=Q(x)(X* —4)+2x-3 A
P(-2)=0+2x-2-3
=7

6. Inverse cos graph C
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Working

. x:2p+z y=p2+L
p

x=2[p+lj ...... )]
p

2
1 1
y= p_}__] —2pX— ...... (2)
p p
1 2
p
2
X .
_ _j -2 (1)in(2)
2
X2
= -2
=7
8 1-t°
cosf = t2
1+t
2
1+sec9=1+1+t2
-t
1=t 414t
1-t?
3 2
1—t?
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Working Answer
10. 2sin260 =2

A
sin26 =1
260 =7n +(—1)sin"(1)
12 :ﬁ_n_i_ﬂxz

2 2 2
ezyz_nJr(—l);r
2 4

3
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SECTION 2 SHORT ANSWER

11. Solution Marks
(@) lim tan3x _ llim tan 3X 1
x>0 2% 2 x—0 X
1 3. tan3X
=—x=lim
2 3 x>0 X
3 .. tan3X
=_lim
2 x50 3x
:ixl
2
_3
2
(b) y =cos(In X) 2
Yy = —sin(In Xx) ><l
dx X
When x =1
dy

1
— =—sin(In1) x-
dx (In1) 1

=0
.. the gradient of the tangent to the curve Yy = cos(In X) is 0.

(© J‘ 1 2
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11. Solution
(d) u
chosz3xdx
3
cos6X =2cos*3x—1
2cos’ 3X =cos6X+1
cosz3x=COS6X 1
2 2
Ecosz3xdx =J-”2(COS6X +ljdx
3 3 2 2
13
—~Ejz(cos6x+l)dx
1[ sin 6x }2
=— + X
2l 6 z
3
gn6(”j
1 2 T
= — _ 4+ —
2 6 2
:l_[0+5)_(0+f.
2 2 3
1 T 7
=—X| ———
2 (2 3)
| 4
= —X—
2 6
_T
12
(e)
2
X +x—622
X
2
Zx(x Jr)(_6]22><X2
X
x(x2+x—6)22x2
x(x2+x—6)—2x220
x(ﬁ+x—6—2@>0
x(x?—x—6)20
X(x=3)(x+2)=0
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11. Solution Marks
() y, =sinx and Yy, =cosX >

dy dy

— =cosX and — =-sinX
dx dx.

: 7 1
Curves intersect at P (—,—j

4

Atx:Z
4

&y =cos (ﬁ) and L = —sin (ﬁj
dx, 4 dx» 4

tano =
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11. Solution
9)

ZABC = ﬂ(given)
angles subtended by the ]

ZABC = ZADC (
same arc are equal

~.ZADC = f3

angle at the centre is twice the
ZACD =90°

angle at the circumference, diameter is 180°
ZADC + ZDCA+ ZCAD =180°(angle sum of a triangle is 180°)
ZDAB=y and /BAC =a (given)

ZDAC =« + y (adjacent angles)

5 BA90°+(a+y)=180°

La+f+y=90°

OR
ABCDis a cyclic quadrilateral

opposite angles in a
.. ZDAC+2DBC=180°

cyclic quadrilateral are supplementary
ZABD =90°(angle in a semicircle)

ZDAB =y, /BAC = a, ZABC = 3(given)

ZDAC = ZDAB + Z/BAC (adjacent angles)

~y+a+ f+90°=180°

sa+f+y=90°
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12. Solution

(@)
Any equation of the form
y= k(x+2)2 (x+1)(x—1)3
where k >0

(b) Prove that,

T+ (142) 4t (1424427 ) =2 —n -2
Prove true forn=1
LHS =1
RHS =2"'—1-2

=4-1-2

=1
cdtis true forn=1
Assume true for n =k
LH(142) 4t (1424425 ) =25 —k =2
Prove true forn=Kk +1

i.e.Prove that
1+(1+2)+...+(1+2+...+2k")+(1+2+...+2"’l +2""”):2(k”)+1 —(k+1)-2
1+(1+2)+...+(1+2+...+2k’1)+(1+2+...+2"’1+2")=2k*2—(k+1)—2
LHS :1+(1+2)+...+(1+2+...+2k")+(1+2+...+2k‘l +2k)

=2 —k—2+(1+2+...+2k’1 +2k) by assumption

Now,l+2+...+2"+2% isa GP
a=1L,r=2,n=k+l1

Ix (241 -1
o ()
2-1
:2k+]_1
LHS =2"1—k -2 4211
=2x2"1 k-3

=2'x2"—(k+1)-2
=27 —(k+1)-2
=RHS

.. Proved true by mathematical induction

2104 CTHS Mathematics Extension 1 AP4 Solutions

Marks



12. Solution Marks

© @O  X+x*-4x-k*=0 2
Let the roots of the equation be «, fand y
y=ap

a=1b=1,c=—4andd =—k*
Product of the roots

Since k > 0and all «,3,7>0
y =k

. X =K is a root of the equation

(i1) Sum of the roots 1 at a time 2

a+ﬁ’+k:—2
a

a+p+k=-1
a+p=-k-1

Sum of the roots 2 at a time

Ktak+ k=S
a

k(1+a+ﬁ):_T4

k(1+-k-1)=—4
k> =-4
~kP=4

- k=2 (since k >0)
OR

k?+k>—4k-k*=0
k’—4k =0
k(k+2)k—-2)=0
. k=2 onlyask >0
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12. Solution
(d) X2 —/x=2=0
Let f(X) = x> =X -2
1
=x"-x2-2

1

1 —=
fi(x)=2x-=x?
(%) 2

1

f1(2)=2x2———
(2) i
f(2)=2>-2-2
N 0]
f(x)
_,_ 2=\
g1
22
~1.84
€ @ x> =8y
X2
y=§
y ==
8
_X
4
atx=4p
_ 4P
=5
=P

y-2p*=p(x—4p)

y=2p° = px—4p’
.. tangent at Pis

y=px-2p’
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12.
(i)

(iii)

(iv)

Solution
Tangent at Qis

H)-(2) 0=(p-0q)x-2(p*-q*)

(pP-9)x=2(p-q)(p+q)
x=2(p+q)

sub into (1) y=px2(p+q)-2p°

y=2p*+2pq-2p’
y=2pq
- Tis(2(p+0),2pq)

P(4p.2p’) andQ(4q,297)
2 2
mo 2P —29
4p—-4q
_2(p+9)(p-9)
4(p-aq)
_P+q
2

y—2p2=£§3{x—4p)

2y—4p*=(p+0q)(x—4p)
2y—4p’ = px—4p’ +qx—4pq
2y=(p+0q)x—4pq

Since PQ passes through A(0,1)
2x1=(p+q)x0-4pq
2=-4pq

1

pq:‘z
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13. Solution Marks
@ @© AOWX |||AOYZ (equiangular triangles are similar) 2

“x+d R
R x+d

X r ( corresponding sides of similar triangles
are in proportion

r X
r(x+d)
X
Area of the shadow is given by

A= 7R?

e

(i) dx_ 2

7zr2(x2 +2xd +d2)
2

X
3 7zt +2xr*dx + zrid?
X2
=zr’ +27r’dx” + 2rid*x7
dA _ _
e =27r*dx” = 2zr’d*x”
X

6A_da o

dt  dx dt

[27rr2d Zﬂrzdzj

= = - x —4

NG X

Whenx=d
dA ( 27rd 27zr2d2J
=| - - x —4

dt | d? d°
8xr?  8xr?
= +
d d
_16xr’
d

12
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13 Solution Marks

(b) 42 2 L7 3
tan” —+cos —==tan —
3 J5 4
Le‘[X=tan‘lz andy =cos' —=
3 V5
'tanx—gand tany—i
.~ 3 7
tan(x+y): tan X +tan y
I—-tan Xtany
2 1
7+7
__3 2
-2, L
3 2
_7
4
: X+y—tan‘lz
o ,
Stan —+cos —==tan —
3 J5 4
13
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13. Solution Marks
(© 2

(V5) +(5) -(+12)

cos(AAHB)— 2><\/§><\/§
_5+5-12
~2x%5
1
T s

.. ZAHB =101-5°

14
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13. Solution
(d) (a) sin 4t —COoS 4t = R Sln(4t —0()

N

Rsin(4t —a) = R(sin4t cosa —cos4tsin a)

Rsin4tcosa—Rcos4tsina = 51\r/1§4 -

Equating co-efficients
Rsina =1....... 1))

Rcosa =% ..... (2)
()+(Q)..tma =
V3
-3

b )
(b) X=4+sm4t
3
4 cos 4t
\/—

X=—— —16 +16cos4t

\/5

sin 4t

—cos4t

X= +4sin 4t

-16

—CoS 4t]

E
sin 4t
(

-16| 4+

—cos4t —4]

16X4
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13. Solution Marks

© X =%sin(4t—%) 2

2 T
X=4x—=cos| 4t ——
Fe{3)

Maximum speed occurs when cos (4t - %] =1

83

: .8
.. maximum speed is —— or —

NE) 3

16
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14. Solution
(a) (1+x)n+4 =(1+x)n (1+x)’
LHS = )y

n
O
4
[o

Equating co-efficients of x"

S 1 O W |
U AN AN

(b) j(tan3 X sec’ X)dx

u=tanX

— =sec’ X
dx

du =sec” xdx
J.(tan3 X sec? X)dx = Iu3du

e

_tan® X
4

+C

2104 CTHS Mathematics Extension 1 AP4 Solutions
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0 r n+4
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14. Solution Marks
0 @ Rangeisallreal y >0

() fx)y=x+Vx2 +1
1
F () =x+ (X +1)2
1
i '(x):1+%(x2 +1)7E X 2X
_ X
VX +1
X+ L X
X241 A+l

2

1+

_ X+4X +1
241
f(x)

X" +1
(iii)) Rangeisallreal y

1
V) f:y=x+dx+1
fl. x:y+\/ﬁ
X—y=4y +1
(x—y)zzy2+1
x> —2xy+y>=y*+1
x> —2xy =1

>

~

[\

2xy = x> -1

_xi-1

18
2104 CTHS Mathematics Extension 1 AP4 Solutions



14 Solution

d @ Maximum height occurs when y =0

y :Vtsiné?—%gt2

y=Vsind-gt

Vsind-gt=0

gt=Vsiné

_Vsind

g

_Vsind

g

y=v(v Sinejsin@—lg[v sin @
g 2 g

t

att

_stinzé? V?sin’ @
g 29
B 2VZsin’6@ V’sin’ 0
29 2g
V?sin’ @
29
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(i)  Projectile reaches it's target when y = —h

Vtsin@—%gt2 =-h

2 22
Vtsiné’—lgtzz—m
2 29
: 242 2 s 2
Vtsindg gt +V sin 0=0
g g g

g’t> —2Vsindgt —V’sin* @ =0

| —~sindg +J(=2V sin0g )’ —4x g> x -V sin’ 0
29°
_ 2Vsindg i\/4V2 sin® #g* +49°V°sin’
2¢9°
Since t cannot be negative
(o 2V sin g ++/8V * sin’ 0g>
29°
_ 2Vsindg +2v/2(Vgsin )
29°
_Vsing++/2(Vsino)
- g
vSin9(1+J§)

g

seconds

(i) Vsing(1++2)
When the projectile reaches the target, t =
g
Vsing(1++2)

g
_stin90050(1+x/§)x2
g 2
VZZSin9c059(1+\/§)
29
V2 (1++/2)sin 26
g

seconds

x=V cos@
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